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Cross sections and energy loss for lepton pair production in muon transport
Alexander Bulmahn and Mary Hall Reno
Department of Physics and Astronomy, University of Iowa, Iowa City, IA 52242
We reevaluate e+e− pair production from electromagnetic interactions of muons in transit through
materials. Our approach, through the use of structure functions for inelastic and elastic scattering
and including hadronic recoil, make the formalism useful for tau pair production at high energies.
Our results for e+e− pairs agree well with prior evaluations. Tau pair production, however, has
significant contributions from inelastic scattering in addition to the usual coherent scattering with
the nucleus and scattering with atomic electrons.
I. INTRODUCTION
Atmospheric muons, the muons produced by cosmic
ray interactions in the Earth, are detected by many un-
derground detectors. Downward-going muons are a large
background to neutrino induced events [1, 2, 3, 4]. For a
range of energies, measurements of muon fluxes test our
understanding of the underlying interactions that pro-
duce the muons and offer the opportunity to test models
of the cross section for cosmic ray interactions with air
nuclei.
Measurements of the energy dependence of the atmo-
spheric lepton fluxes rely on knowledge of the muon en-
ergy loss as a function of distance. Underground and
underwater detectors can effectively probe atmospheric
muon energies by looking at the muon flux as a function
of zenith angle θ. Vertical muons travel a depth D, while
muons incident at angle θ travel a distance ∼ D/ cos θ.
The electromagnetic energy loss is essential to the un-
folding process between detected and surface muon fluxes
[5, 6].
In this paper, we reevaluate the cross section for muon-
atom scattering to produce lepton pairs, and the energy
loss of muons from the production of electron-positron
pairs. The largest contribution to the muon energy loss
parameter β in the energy loss formula
〈 dE
dX
〉 = −(α+ βE) (1)
comes from pair production [7, 8, 9, 10]. The “pair-
meter” method of muon energy determination also relies
on the e+e− pair production cross section [11, 12, 13].
Evaluations of muon cross sections and energy loss
from pair production in collisions of a muon and a static
nucleus have a long history [14, 15, 16, 17, 18, 19, 20,
21, 22, 23, 24, 25, 26, 27]. In this paper, we present the
cross section in terms of form factors and structure func-
tions [19] that are not restricted to low lepton masses
or low momentum transfers to the target. We include
target recoil in the kinematics [20], and the inelastic con-
tribution [22, 25] to the cross section and energy loss
parameter βpair using structure functions parameterized
from HERA data [28, 29]. Our results are compared
with the commonly used parameterization of Kokoulin
and Petrukhin [18]. We do not address the production of
muon pair because of the extra contributions from having
identical particles in the final state [23, 24, 25, 26, 27].
We begin by reviewing the calculation in a formalism
applicable to elastic and inelastic scattering including the
hadronic recoil. We show the standard generalization to
atoms. Our results for cross section and energy loss pa-
rameter β for protons, hydrogen and higher Z atoms are
shown in Sec. III. In Sec. IV we show an application to
high energy e+e− and τ+τ− pairs. Many of the calcula-
tional details are relegated to the appendix.
II. NOTATION AND FORMALISM
Our organization of the matrix element squared follows
the notation of Kel’ner in Ref. [16], however, here we
include target recoil. Akhundov, Bardin and Shumeiko
evaluated lepton pair production in µp scattering with
proton recoil in Ref. [20]. We follow their notation for
the kinematics.
For definiteness, we begin with e+e− pair production.
The incident muon with four-momentum k interacts with
a nucleus of four-momentum p. The outgoing muon (k1),
electron (k2) and positron (k3) are accompanied by a
hadronic final state with pH =
∑
x=hadrons px. Appendix
A includes the definition of relevant Lorentz scalars. Note
that p2 =M2t is the target mass squared, k
2 = k21 = m
2
µ
and k22 = k
2
3 = m
2
e. When the target is a proton or a
neutron, we set Mt =M .
There are a number of diagrams that contribute to
e+e− pair production. For µp scattering, there are dia-
grams where a virtual photon radiated from the muon or
proton splits directly into an e+e− pair. The dominant
contributions to the pair production cross section come
from the two diagrams shown in Fig. 1 [17, 25, 26]. As
a simplification, we include only the diagrams in Fig. 1
in our evaluation.
The strategy to evaluate the differential cross section is
outlined in Kel’ner [16], and extended here to include the
inelastic case including recoil of the final state hadrons.
The hadronic matrix element squared Hµν is related to a
decomposition into structure functions F1 and F2 which
2k2
k3
k3
k2
Q
q
Q
q
k
k1 k1
p p
k
FIG. 1: The dominant contribution in µp production of e+e−
pair production comes from virtual photon graphs shown here.
The figure was produced using Jaxodraw [30].
depend on q2 = (p− px)2 ≡ −t and xBj = q2/2p · q [31]:
e2Hµν =
1
2
∑
spins, X
〈X |Jµ|p〉〈X |Jν |p〉∗
Wµν ≡ 1
4pi
∫
Hµν(2pi)4δ4(p− q −
∑
px)
·
∏
x
d3px
2Ex(2pi)3
= −gµνW1 + pµpν W2
M2t
= −gµνF1 + p
µpν
M2t
2M2t xBj
t
F2 .
Our choice for the sign of the four-momentum q is oppo-
site that of the usual choice for inelastic scattering with
protons.
The formalism in terms of Wµν is relevant to both in-
elastic and elastic scattering. For inelastic scattering, F1
and F2 are dependent on xBj and t independently. For
elastic scattering, xBj = 1 and F1 and F2 are propor-
tional to the delta function δ(t+ 2p · q) = δ(M2X −M2t ),
where we have made the assignment (
∑
px)
2 =M2X .
The spin averaged matrix element squared for the
muon part of the diagram is
Aαβ =
1
2
Tr(/k1 +mµ)γα(/k +mµ)γβ . (2)
The change in muon momentum is defined to be Q ≡
k − k1 with Q2 = −Y .
The γ∗(Q) + γ∗(q) → e(k2) + e¯(k3) matrix element
comes from the two diagrams shown in Fig. 1. The
result is represented by e4Bαβµν , so that the differential
cross section can be written as
dσ =
1
2
√
λs
AαβB
αβ
µν
e8
t2Y 2
δ4(k + q −
3∑
i=1
ki)
×
∏
i
d3ki
2Ei(2pi)3
4piWµνd4q (3)
where λs = (2p · k)2 − 4m2µM2t .
The details of the phase space integrals are in the Ap-
pendix, however, because of its length, we have not in-
cluded an explicit expression for Bαβµν . We have evaluated
Bαβµν using the symbolic manipulation program FORM
[32]. We follow Kel’ner’s calculational simplifications [16]
by projecting out different terms in the matrix element
squared integrated over most of the phase space. Ulti-
mately, we evaluate numerically dσ/dy, σ and
βpair ≡ NA
A
∫
y
dσ
dy
dy (4)
where y ≡ p · Q/p · k is the usual inelasticity parameter
and dσ/dy is the differential cross section for e+e− pair
production. In the target rest frame, p = (Mt, 0, 0, 0),
y = (E−E1)/E, the difference in incoming and outgoing
muon energies, normalized by the incoming muon energy.
In eq. (4), NA is Avogadro’s number and A is the atomic
mass.
The structure functions F1 and F2 carry information
about the nucleus as well as about the electron cloud
which screens the nucleus. We discuss the elastic and in-
elastic cases separately in the next sections. It is conve-
nient to further divide the contributions to the cross sec-
tion according to the dependence on the nuclear charge
Z.
A. Coherent scattering with the screened nucleus
Coherent scattering with the nucleus amounts to elas-
tic scattering with the charge Z nucleus of mass Mt =
MA = AM , leading to a factor of Z
2. As we show
below, for elastic scattering, a delta function enforcing
M2X = M
2
A (t = −2p · q) appears in the structure func-
tions.
For coherent scattering with atom of massMA, atomic
mass A and charge Z, the structure functions in the stan-
dard approach are written in terms of τ ≡ t/(4M2A),
F coh1 =
t
2
G2M δ(M
2
X −M2A) , (5)
F coh2 =
t
1 + τ
(
(GE − Fe)2 + τG2M
)
δ(M2X −M2A).(6)
The electric form factor GE(t) accounts for the electric
charge distribution in the nucleus, with GE(0) = Z,
whereas Fe(t) accounts for the Z electrons in the atom
which screen the nucleus at large distances.
We begin with the nucleon form factors, following with
nuclear form factors. A recent review of the elastic form
factors appears in Ref. [33]. Traditionally, the electric
and magnetic form factors (GE and GM ) are written in
dipole form. For the proton
G(t) =
1
(1 + t/0.71 GeV2)2
(7)
GEp = G(t) (8)
GMp = µP G(t) = 2.79G(t) . (9)
The neutron form factors are
GEn = − µNτ
1 + 5.6τ
G(t) =
1.91τ
1 + 5.6τ
G(t) (10)
GMn = µN G(t) = −1.91G(t) . (11)
3These results reproduce reasonably well the form factors
extracted by the Rosenbluth separation method. Data
from studying the polarization transfer of polarized elec-
trons to proton targets have yielded a different set of form
factors [33]. For the total cross section and energy loss
parameters, the new parameterizations yield essentially
the same results as Eqs. (6-10) above.
The electric nuclear form factor [34], for large A, can
be represented by [19, 35]
GE(t) =
Z
(1 + a2t/12)2
(12)
a = (0.58 + 0.82A1/3)5.07 GeV−1 . (13)
For large A, we set GM ≃ 0. This is a reasonable approx-
imation because, roughly, the net magnetic moment of a
multi-nucleon atom is small, and the prefactor of GM in
the cross section is also small.
The electric form factor associated with electron
screening for hydrogen is obtained by using the electronic
wave function to determine the charge density [34]. This
leads to [19]
Fe(t) =
1
(1 + a20t/4)
2
(Z = 1) . (14)
Here, a0 is the Bohr radius, a0 = 137/me. For higher
charge and atomic numbers (beyond helium), an approx-
imate parameterization of the electronic electric form fac-
tor is [19, 36]
Fe(t) =
Z
1 + a2et
(Z > 2) (15)
ae = 111.7Z
−1/3/me. (16)
For large Z, the dominant contribution to the elastic
cross section is proportional to (GE − Fe)2 ∼ Z2 at
short distances and large t, however, at large distances,
(GE−Fe)2 ∼ 0, where the nucleus is completely screened.
B. Incoherent scattering with nucleons and
electrons
One component of the cross section for incoherent scat-
tering to produce charged lepton pairs comes from elastic
scattering with the individual protons and neutrons in
the nucleus. Here, the target mass is Mt = M , and one
parameterization of the structure functions gives
F incoh,N1 = C(t)
t
2
(ZG2Mp + (A− Z)G2Mn)
×δ(M2X −M2) (17)
F incoh,N2 = C(t)
t
1 + t/4M2
(
ZG2Ep + (A− Z)G2En (18)
+
t
4M2
(ZG2Mp + (A− Z)G2Mn)
)
δ(M2X −M2) .
The prefactor C(t) is the Pauli suppression factor. Fol-
lowing Tsai [19]
C(t) =
{
3QP
4PF
(
1− Q2P
12P 2
F
)
QP < 2PF
1 otherwise
(19)
where Q2P = t
2/(4M2) + t and PF = 0.25 GeV.
There is scattering with the atomic electrons them-
selves [35]. For scattering with electrons, the target mass
goes from MA or M to me, and
F incoh,e1 =
t
2
Z δ(M2X −m2e) (20)
F incoh,e2 =
t
1 + t/4m2e
Z
(
F incohe (t) (21)
+
t
4m2e
)
δ(M2X −m2e) .
For the hydrogen atom, F incohe = 1 − Fe(t)2 with Fe(t)
given by eq. (14). We use the parameterization of Ref.
[35] for higher Z atoms, where
F incohe =
c4t2
(1 + c2t)2
(22)
c = 724 Z−2/3/me (23)
For the high energies of interest here, neglecting addi-
tion diagrams coming from identical particle exchange in
µe− → µe− e+e− is an acceptable approximation [21].
C. Inelastic scattering with nucleons
For µA scattering where the momentum transfer is
large enough that we are above threshold for pion pro-
duction, inelastic scattering accounting for the substruc-
ture of the nucleons is required. For the proton structure
function F p2 (xBj , t), we use the Abramowicz, Levin, Levy
and Maor[28] (ALLM) parameterization, updated in Ref.
[29]. We do not include the parameterization here, but
refer the reader to Ref. [29]. The parameterization also
appears in an appendix of Ref. [37]. This parameteriza-
tion of the structure function is valid over the important
range of small t, the dominant contribution to the inelas-
tic cross section. It agrees well with data over a wide
range of xBj and t including the perturbative regime.
For inelastic scattering with a nuclear target rather
than a proton target, the process is still probing the struc-
ture of individual nucleons, so Mt = M . There is a nu-
clear effect that modifies the proton structure functions,
called nuclear shadowing, which we incorporate with [38]
a(A, xBj , t) ≃ a(A, xBj) and
a(A, x) =


A−0.1 xBj < 0.0014
A0.069 log10 xBj+0.097 0.0014 < xBj < 0.04
1 0.04 < xBj .
(24)
4The nuclear structure functions are taken to be
FA2 = a(A, xBj)(Z + (A− Z)P (xBj))F p2 (25)
FA1 = F
A
2 /(2xBj) (26)
where P (xBj) = 1− 1.85xBj + 2.45x2Bj − 2.35x3Bj + x4Bj
accounts for the difference between proton and neutron
structure functions [39].
III. RESULTS
A. Cross sections
We begin with muon scattering from protons to pro-
duce a pair of charged leptons. The cross section is the
sum of the cross section for µp elastic scattering using
the proton form factors in eqs. (7-11) and the inelastic
scattering term:
σµp = σ
coh
p + σ
inel
p . (27)
For e+e− pair production shown in Fig. 2a, the elastic
scattering is ∼ 5− 6 orders of magnitude larger than the
inelastic contribution. This can be understood by noting
that the phase space integral with the photon propagator
involves dt/t2, making t near the minimum t the dom-
inant part of the integral. The minimum t for elastic
scattering is
tmin ≃
4m2em
2
µ
E2
,
as discussed in detail in, for example, Appendix A of Ref.
[19]. The structure function F inel2,p is small for t≪M .
The relevant scale for t is much larger for me → mτ
in τ+τ− pair production. Fig. 2b shows that the inelas-
tic contribution is comparable to the elastic cross section
for a range of energies. The inelastic cross section con-
tributes between 30% and 60% of the total cross section
for muon energies between 102− 109 GeV. Overall, how-
ever, the tau pair cross section is significantly smaller
than the electron-positron pair production cross section.
Tau pair production is not an important component of
muon energy loss. Muon pair production is intermediate
between the two sets of cross sections in Fig. 2 [25]. As
noted above, we do not include muon pair production
here due to the additional exchange diagram required by
Fermi statistics for the identical fermions.
The targets of interest for atmospheric muons or muons
produced by neutrinos are atoms. Fig. 3a shows the con-
tributions to the cross section from coherent scattering,
incoherent scattering with electrons and nucleons and in-
elastic scattering, for e+e− pair production by muons on
a rock target, using the standard rock values of A = 22
and Z = 11. Fig. 3b shows the same quantities for tau
pair production.
For e+e− production, the coherent contribution dom-
inates, followed by incoherent scattering on protons and
FIG. 2: Cross section for µp → µe+e−X (a) and µp →
µτ+τ−X (b), showing the elastic and inelastic contributions
separately.
electrons. Incoherent scattering with neutrons is at the
level of σ ∼ 10−32 − 10−30 over the range of incident
muon energies from 10− 109 GeV. We note that our re-
sult for the incoherent scattering with atomic electrons
agrees with the approximate analytic formula of Kelner
in eq. (46) of Ref. [21] to within 2% at Eµ = 100 GeV,
and is about 18% larger at Eµ = 10
9 GeV for Z = 11.
Our result for incoherent scattering with nucleons is a
factor of ∼ 10 larger than in Ref. [35], in which the form
factor is different. However, the consequences for e+e−
pair production does not depend significantly on the in-
coherent nucleon contribution.
As in the case with proton targets, the inelastic con-
tribution to e+e− pair production is orders of magnitude
smaller than the elastic contribution. Tau pair produc-
tion has a different balance of contributions. The coher-
ent cross section dominates the total cross section to a
lesser degree. As the muon energy increases well beyond
the threshold for production of tau pairs in scattering
with electrons, incoherent scattering with electrons be-
comes increasingly important. Inelastic scattering con-
tributions are important, especially at the lower ener-
5FIG. 3: Cross section for (a)µA → µe+e−X and (b)µA →
µτ+τ−X for standard rock (Z = 11 and A = 22), for coher-
ent, incoherent and inelastic contributions.
gies. Fig. 3b shows the threshold energy dependence of
the cross section for incoherent scattering with electrons.
The Pauli suppression factor is particularly relevant in
the evaluation of incoherent scattering with nucleons at
high energies. Our result for incoherent scattering with
nucleons is a factor of ∼ 2− 4 lower for tau pair produc-
tion than the cross section coming from using the form
factor in Ref. [35].
The results for other targets are shown in Fig. 4, where
the total e+e− pair production cross section is divided by
A.
B. Energy loss parameter βpair
The energy loss parameter βpair is defined in eq. (4).
This parameter is shown in Fig. 5 for a variety of ma-
terials. For protons, βpair rises with energy, however,
for atomic targets with high energy muons, the atomic
screening of the nucleus at large distances cuts off the
growth of the parameter at high energies. The contribu-
tion to βpair from tau pair production is suppressed by at
FIG. 4: Cross section divided by atomic number A for µA →
µe+e−X, for A = 1 (proton and hydrogen), A = 14.3 (ice),
A = 22 (standard rock), A = 55.9 (iron).
FIG. 5: Energy loss parameter βpair via e
+e− pair production
for proton, hydrogen, ice, rock and iron.
least four orders of magnitude, depending on the muon
energy.
Our evaluation of βpair compares well with the ana-
lytical form of Kokoulin and Petrukin (KP) [7, 18]. At
Eµ = 10 GeV for rock, our result is 2.5% lower for βpair
than the KP evaluation. At 100 GeV, the two results
agree to within < 1%. At Eµ = 10
8 GeV, our evaluation
gives βpair lower by ∼ 4%. In the energy range of 10−100
GeV, our energy loss parameter is 2−3% larger than that
of Groom, Mokhov and Striganov [9]. At E = 105 GeV,
our results agree to within the numerical accuracy of our
evaluation (< 0.1%).
IV. DISCUSSION
One advantage of our approach is that we are not con-
fined to the low t or small lepton mass limits. Although
this is the dominant limit for the total cross section and
6the energy loss parameter for e+e−pair production, one
can make interesting use of the formalism to consider
high energy charged lepton pairs. The lepton pair en-
ergy (in the target rest frame) is
Epair =
T + Sx
2Mt
(28)
in terms of invariants defined in the Appendix. Figs.
6a and 6b show the total cross sections for lepton pair
production by muons in ice, when the total pair energy
is larger than 50 GeV.
As in the case of the total cross section, for e+e− pair
production, the dominant contribution to the high en-
ergy pair cross section is coherent scattering with the
nucleus, with a ∼ 10% correction from incoherent scat-
tering with the atomic electrons. The cross section for
producing e+e−with Epair=50 GeV for Eµ ∼ 103 GeV
is σ ∼ 10−27 cm2, equivalent to an interaction length of
∼ 20 m. With the potential to measure electrons at this
energy in IceCube, this may be an interesting reducible
background to νe → e conversions to electrons.
Tau pair production by 100 GeV muons has nearly
equal contributions from coherent scattering, inelastic
scattering and incoherent scattering with nucleons. At
high energies E ∼ 109 GeV, the inelastic cross section
is approximately half of the coherent cross section for 50
GeV tau pair production. Again, incoherent scattering
with atomic electrons is about 10% of the cross section for
coherent scattering when the muon energy is well above
the threshold for tau pair production.
Tau neutrinos will come from the decays of tau pairs
produced by muon transit through rock or ice. Tau neu-
trino production in the atmosphere is quite low, espe-
cially at low energies, because it requires heavy quark
(charm or b quark) production [40, 41]. Neutrino oscilla-
tions over the diameter of the Earth convert muon neu-
trinos to tau neutrinos. Tau decays from µA→ µτ+τ−X
will contribute to the overall downward flux of tau neutri-
nos. Quantitative evaluations of this source of downward-
going tau neutrinos is under investigation.
In summary, we have provided a review of the contri-
butions to e+e−and τ+τ− production by muons as they
interact electromagnetically as they pass through mate-
rials. Our approach is flexible, in that it can be applied
to high momentum transfers, and to high mass leptons.
Measurements of high energy e+e− pair production and
tau pair (and associated tau neutrino pair) production
will test the theoretical underpinnings of this evaluation.
APPENDIX A: KINEMATICS AND CROSS
SECTION
We present here a compilation of useful kinematic re-
lations and phase space limits for e+e− pair production
on a proton target of mass M .
Fig. 1 shows the dominant diagrams for µ(k)+P (p)→
FIG. 6: Cross section for τ+τ− pair production and for e+e−
pair production for Epair > 50 GeV by muon interactions in
ice.
µ(k1) + e(k2) + e¯(k3) +X where
k + p = k1 + k2 + k3 +
∑
x
px .
Eq. (3) shows the differential cross section in terms of
phase space integrals and the quantities
Y = −Q2 = −(k − k1)2
t = −q2 = −(p− px)2
λs = S
2 − 4m2µM2 .
For the evaluation of the phase space, it is useful no-
tationally to make the further definitions of invariants
7following Ref. [20]:
V 2 = κ2 = (k2 + k3)
2 = (q +Q)2
S = 2p · k
X = 2p · k1
Sx = 2p ·Q = S −X
M2x = p
2
x
W 2 = (p+Q)2 =M2 + S −X − Y
T = 2p · q =M2 − t−M2x
λt = T
2 + 4M2t
λY = S
2
x + 4M
2Y
∆M2 = (Mminx + 2me)
2 −M2
Rewriting the differential cross section (eq. (3))
dσ =
1
2
√
λs
AαβB
αβ
µν
α4Wµν
2pi4t2Y 2
d(PS) , (A1)
the phase space integrals reduce to
d(PS) =
dφ1dSx dY dV
2 dt dM2x dφq
16
√
λY λs
dΓpair
dΓpair = δ
4(κ− k2 − k3)d
3k2
2E2
d3k3
2E3
=
1
8
√
1− 4m2e/V 2 d cos θe dφe
The limits of integration for these integrals are [20]
(M +mpi)
2 ≤ M2x ≤ (
√
W 2 − 2me)2
4m2e ≤ V 2 ≤
1
2M2
(
SxT +
√
λY
√
λt
)
− t− Y
tmin ≤ t ≤ tmax
tmin = (Sx(W
2 −M2x) + 2YM2x − 4m2e(Sx + 2M2)
−
√
U)/(2W 2)
tmax = (Sx(W
2 −M2x) + 2YM2x − 4m2e(Sx + 2M2)
+
√
U)/(2W 2)
U = λY
(
W 4 +M4x + 16m
4
e
− 2(W 2(M2x + 4m2e) + 4m2eM2x)
)
Y min ≤ Y ≤ Y max
Y min =
λs − SSx
2M2
− 1
2M2
√
(λs − SSx)2 − 4m2µM2S2x
=
λs − SSx
2M2
− 1
2M2
√
λs(λs − 2SSx + S2x)
Y max = Sx −∆M2
Sminx =
[
λs +∆M
2(S + 2M2)
−
√
λs(λs − 2S∆M2 + (∆M2)2 − 4m2µ∆M2)
]
× (2(S +m2µ +M2))−1
Smaxx = S − 2Mmµ
Our numerical evaluation of these integrals was per-
formed using the Fortran program VEGAS [42].
The integrals above are for inelastic scattering with a
proton, hence the minimum M2,minx = (M +mpi)
2.
Elastic scattering is enforced by a delta function of
the form δ(M2x −M2t ) where Mt is the target mass. In
this case, it is useful to rewrite the phase space integral
involving q = p− p′ (for outgoing target momentum p′)
and κ = k2 + k3 as
d4κδ4(Q + q − κ)d4q = 1
4λ
1/2
Y
dV 2 dt d(2p · q) dφ .
In the remaining integrals, for elastic scattering of a tar-
get of mass Mt, one makes the replacement M → Mt.
The target mass also appears in λs in eq. (3).
We note that q = p − px is the opposite sign to the
usual convention. The Bjorken x value, xBj = q
2/(2p · q)
in these variables is
xBj =
t
t+M2x −M2
= − t
T
.
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